
3. 4 Real Zeros of Polynomials
① Rational Zeros

② Integer Zeros

③ Upper and Lower Bounds

Revised subtopics

① zeros of a polynomial
② Descartes' Rule of Signs



① Rational Zeros

5. P(x) = /"- 472+ 3

Rational Zeros Theorem : 13
,
I l

6. Q() = (
"
- 3x3 -6x+ 8

Rational Zeros Theorem
:

I I ,
12

,
14

,
18

7. R(x)= 225+ 523+ 4x28

: = [ ,
11

,
12

,

14
,

18



② Integer Zeros

15. P(2) = 12" +2x2-13x+ 10

Rational Zero Theorem : II
,
12

,

15
,
110

I
-+10

#

↳
P(x) = (x -2)(x + 45)-5)

= (x -2)(x + 5)(x - 1)

: Real zeros are 1
,

2
,
-5



16. P(x) = x3- 4x2-197 - 14

Rational Zeros Theorem
:

I1
,

1 2
,

17
,

114

·
24-19 - 14

#

7
P(x) = (x - 1)(x2+ 3x+2)

= (x-1)(x+2)(x+ 1)

17. P(x) = x3 +32224

Rational Zeros Theorem : 11
,
1 I

,
14



I
: P(x2)= (x- 1) (x(2+ 4x+4)

= (x)-1)(x2+2)2

Zeros :
-2,

18. P(2) = <
3

- 3 - 2

Rational Zeros Theorem : II ,
I 2

24

&3
. P(x)= (x -2)(xi+2n + 1)

= (x - 2)(x)+ 132
Zeros : -1

,
2



19. P(x) = x) - bx2 + 12x - 8

Rational Zeros Theorem : II , 12,
14

,

18

DRS : > or I positive zero , no negative
Zero

·
P(x) = ((-2)(x2

- 4x+ 4)

= Gl -2)(x
- 2)

2

= (x
- 2)3

~

&

I
2



29 . P(x7= 4x2"- 37x2+ 9

Rational Zero Theorem : II ,
ES

,

19,*

/FI
19
#

Descartes Rule of Sign : 2 or 0 positive rational

zero

2 or 0 negative rational

zetz

so
412 - 1

-> 0

P(x) = (x -3)(4x3+12x
-3)

1



↑ (x)= (x
-3)(2x- 1)(4x4

+/4x+ 6)

= (x=3)(2x-1)(4x+2)( +3)

.

:

.

x= - 3
,

-[t]



Descartes' Rule of Signs

63 .
P(7= (3-x

=x- 3

1 variation in sign ,

- 1 positive real zero

↑ (()= (
-x))- (-()

- (-() - 3

=
- x - x+x- 3

2 variations in sign, 2orO
negative
a

: 1 or
3 total number of real zeros possible



③ Upper and Lower Bounds

69 . P(x) = 2+5x+ x-2 ; a= - 3
,
b= 1

Test for Upper Bound
Test for Lower Bound

Lel-2
->1- 2

in -
· non-negative entries ,

-

: alternating signs
: I is an upper

bound

- > is a lower bound

10 . P(x) = x"- 2x3-92+2x+ 8 ; a
=

- 3
,

b= 5

5
non-negative entries
: alternating signs,

upper bound lower bound



7 P(x) = 8xh+ 10x2- 59x+9 ; a= - 3
,
b= 2

-
upper

bound
: lower bound ,

- 3 is also a zero

2. PPC) = 3x2"- 17223 +22 9x+ 1 : a= 0
,
6 = 6

·24 -9/·-O 3

· all non-negative entries
lowerAlternate signs , upper bound-

bound



Descartes' Rules of Signs

63 . P(x) = x"-22- x- 3
X

: 1 positive real zero

P(- x) = (1)- (- ()
2 (- x) -3

=

- x3 - x + x- 3

#

:. 2 or 0 negative real
zeros

· 1 or
3 possible total real zeros



Zeros of a Polynomial 81-86

8) . P(x)= 2x"+
3x) -4x-3+ 2

Rational Zero Theorem : 11 ,

12
, It

#
P(x) = (x - 1) (2x+5x2+ x

-2)

-
P(x) = (x- 1)(x+ 1) (2xci+3x

- 2)

= (x - 1)((+ ))(2x
-D(x+ 2)



3. 5 Complex Zeros and the Fundamental
Theorem of Algebra

① Complete Factorisation

② Finding Complex Zeros

② Finding Complex Zeros



31 · Q(x) = x 24+ 2x+ 1 x2 + 1 = 0

= (2+ 1)2 x - 1

x = 1 i
= ((x+ i) (x- i)))
= (x + i) (x - i)

Zeros : -i ,
i

each of multiplicity 2

37 · Zeros :

It i, 1 - i

Complete Factorisation Theorem :

P(x) = a(x - c . ) (x)
- (2) ... (x- (n)

↑(x)= a(x- (1 + i))(x -( - i))
= a(x- 1 - i)(x- 1 +i)
=

a((x - 1)- it)
= a((x - 1) + 1)
= a(x= 2x+ 1+ 1)
= a(x)- 2x +2)

Let a= 1
,
:

· P(x) = x2- 2n+2



Complex Zeros
Come in Conjugate Pairs

41
.

Zeros : 2 >
i

Conjugate Zeros Theorem

Zerrs : 2
,
i

,

-
i

P(x) = (x - 2)(x - i) (x +i)

= (x -2)(x- ii)

= (x -2)(x2+ 1)
= x +x - 2x2 - 2

. P(x) = x)- 2x2+x- 2

Linear and Quadratic Factors

6 7
.
P(x)= x4+ 8x2- 9

(a) P(x)= (x)- 1)(x + 9)
= (x+ 1)(x - 1)(xi+9)

x2+9= 0

(b) P(x) = ((+ 1)(x(-1)() +(i) x?= -3

(x- i) x=It i



① Complete Factorisation

7 .
P(x) = >"+ 4722 x2 = 0

x = 0

(a) p(x)= x"+ 4722
x2+ 4= 0

=x(x2+ 4) 22 = - 4

> = 1F4

: 0 ,

-Li
,

Zi = In
= 12i

(b) p(x) = x "(x+ 2i)(x - 2i)

8. P(x)= x25 + 9x3 x2+9 = 0

= x(x2+ 9) x2 - 9

= x(x- (i)(x+3i)(2
= Is i

... O ,

13i

Multiplicity : 3
,

1,



9. P(x) = x) -2x2+2x

Rational Zeros Theorem : I I , I I

12

#

22 : upper bonda

- cover bonda

-

2)
p(x) = c((222x+2)

x
?2x+2 = 0

12=
-blac

= x(x- mi)(x - 1 +i) -
(a)

2a

- Zeros
: 0 ,

Hi
,
-i

-Multiplicity :
1 ,

1 ,
&
-



10. P(C)= c 3+122+>

(a) P(x)= x(x2+ x+ 1)
722+x + 1 = 0

--Ei
Zeros: = 0, -1*

2 -
2

=
-11f3
-

2

()

P((=((x+)



② Finding Complex Zeros

4) . P(2) = x" + 2x2+ 4x + 8

Rational Zero Theorem : 1 I
,

12
,
14

,

18

48

#45
· non-negative entries
: 1 is an upper

bound

-1248

#

T
24 =0

p(x) = (x+2)(x2+4)x= - 4

= (x+2)(x+2i)(x -2i)
= Izi



48. P(x) = x3-72717x - 15

Rational Zero Theorem
:

11
,

I 3
,
15

,

115

111715

#

3
P(x) = (x-3)(= 4x+5)

x2- 4x + 5 = 0
= (x-3)(x- (2 +2i)

(x - (2 - 2i))
=
4
to-

= ( - 3)(x- 2-2i)(-2+2)
= Ent
-212i

·
.

3
,
2 + 2i ,

2- Zi



49
. P(x)= 13-2x+Ex-1

Rational Zeros Theorem : Il

I
P(x)= (x - 1)(x2 x+ 1)

x2 - x + 1 = 0

F
: I,

i,
i

2

50. P(x) = x3 +7x2 + 18x+ 18

Rational Zeros Theorem
:

I I
,
12

,
13

,
16

,

19
,

118

21181

18·
~ upper bound



->818 12+4+6 = 0

2
- 1 =-24
O

:
.

P(x)= (x - ( - 3)(x2
2
+4x+ 6) -

= (x +3)(x+ 2 -(i)
=>LIFi

(x+ 2 +rzi)

5 1 . P(2)= <3 - 32+3x - 2

Rational Zeros Theorem : 11 ,
I 2

x2x+ 1 = 0

, F
M
P(x) = (x -2)(xx+ 1)

·: 2,i , Ei



52
. P(x) = x - x - 6

Descartes' Rub of Signs :
A positive real zero

2 or O negative real zero

Rational Zeros Theorem : II ,
12

,
E3

,
16

I
-

+2x+3
= 0

P(x)= (x -2)(x[+2x+3)
Th

=-I
T

= (x-z)(x+ 1 -zi)(x+ 1+zzi)
= - 2IZEi
-

2

:. Zeros : 2 ,
Hezi

,

-I-Ei
=-
It i

5 3 .
P(x)= 2x3+72+12x

+ 9

RIT : 11 ,
13

,
19

,
It .F12

DRS :
No positive real zero ,

3 orA negative
real Zero

-



-a99 Lower bound

-

·
↑ (x) = (2x -3) (22+4x+6)

= (2x-3)(+ ) --zi)(2+ 1 +1)+x +
12= 0

x+h +3
= 0

:
. -E ,
-Hi

,

-Ei
=

-
EFFR
-

2

=-LILEI
-

2

= -Hi



3. 6 Rational Functions

① Graphing Rational Functions



Table of Values

9
.
r(=

r( . 5)=
(a) w (2)

1 .
5

- 3 =
- 3

1 . 9 - 19 r4a)=
1 . 99 - 199

=-19
1 .
999-1999

r4.99)=z

x w(x)
=-199

2 . 5 5

2.
21 r(1 .9997 = -1999

2 .
01 201

2 . 001 2001 ~D .5) : is
= 5

~ (2 . 1=
= 2)

~ C . 01=
= 201

~ (2 .00D = zcl
2 .
001-2

= 2001



(b) r(x)- -x
,

asx-> 2-

~ (2) -> 2 ,
as (

->2
+

Table 4

(2) Table ~ (2) I r(x)
2 - 10 0 .

833
10

- 50 0 .
962

501 . 047
- 100 0 .

986
1 .
020

100
- 1000 0 .

998
1000 1 . 002

- 10

- 10 -2

= 0 . 833To
r(0 =-

= 2

~ (50)=
0

-50 - 2

= 1 . 042 = 0 . 962

- 100
~ (100)= r (100)=

- 100
-2

= 1 . 020 = 0 .
980

~ (10007=L
~ [1000=

00

- 1000 - 2

= 1 .002 = 0 .998

~ (1)-> 1 ,
as K=

2

~ (2)
-> 1 ,
ask-



Graphing Rational Functions Using Transformations

15
.
SGL=

Domain : [x(x+
- 13

y=t Range : [31y
+03

f(x)=*

Sk=+ 1

= -(i)
= 3 f(+1)

s(34

i



17 . t(x) =
2x- 3
-

x - 2

y= t(a)

f(x)=x
2[z)
#
2/

x -2
it(x)= 2 +

+

t(x2) = 2 + f(x)
- 2)



Graphing Rational Functions

45.
= 3+ 4

=

s + +x2)if fliEst
=

3 + f((x-2)))

x- 2 - x+ 2
+

r(2 . 17

x ~(x) = 105

x r(x)
3 # rCZOD

4
I 2

. 4 9 .25 = 10003
5 .
78

1
.

4 2 .
1 103

1 .

8 28 2 .

01 10005

1 . 9 183

r(l) =3
+1 (8) = 28 ~ (s)=3

+

= 4 ~(1 .9)= 103 = 4

~ (2 . 4) = 9 .
25

r ( . 4)= 5 .

78



r/i) r(x)
=3

-
As x->X- rac)= - =3

42+ 1 = 0
33 . r()= 4x = - 1

x2= -
↑= -2=ti

-

As <0
,
r(x2) -> 0

As--0
,
+(2) -> 0

- Horizontal asymptote : 0 ,

No vertical asymptoteSince M*10 for

all x



35

.s()

Vertical asymptote : x
= + 1

- 1 =
Horizontal asymptote

: as -*,

-· S(x)= 3
I S(12)

↓
↑WI

= 5

-- s()-1- -f -

-# =

I 2(2) +(
I I

I I -s() =

=
=



53 . r()=I
Vertical Asymptile : x

= -1
,
3

r(x)=
Horizontal Asymptote : y

= 1

x- intercepts : <1
= = 2

,
I

x+ - It x -> 3
+

when x = -0
.
9

, ~=
w (0 .

a)= = +
=
+

x-> 3

x+- 1-

r= 11=
·(2 .9)=

=

-

y- intercept : v(0)=
=



r(x)

in

Fx

Domain : [x/ <2* -1 ,
33

Range : [41YER3



59 . r=

-
Vertical Asymptote :

<= -1

Horizontal Asymptote : y=
=

/

y - intercept : v(0)= = 1

3C-intercept : x-1
= 0

x= 1

x-
- 1-

Mirx -- It I

~ [ 1 . 1) = +

sr (0 .9) = +

X

xr(x)
2 119

Domain : [K(*+B
3 1/4 I

4 9/25 1 Range : [31y103

1 .
2 0

.
008



Common Factors in Numerator and Denominator

r
=

Vertical asymptotes :
<= - 2

Horizontal asymtotes : y=
=/

r(- 2 . 1)
y-intercept : y= - - 2-

,

= 229

12- intercept :
< = - 5

- U .

S
r() c(-T -2t

,
~(1 .9)

I - =
0 -1

--

I xEconie:GetRange : [31y+ 1
, 23



① Graphing
Rational Functions

43
. r()=

Vertical asymptote :<C= -2

Horizontal asymptote : y
= * = 4

3) - intercept : x = 1

y-intercept : y= = -2

- ↓ r() c-T - 2
+

,
y + -8

------ (-7-2
, y-2

4

I
I TL

- Domain : &1/127-33it Range : (y17 = 43



44 . r()=
vertical asymptote : x= - x -53- d

Horizontal asymptote : y
= - t

32+(+, y7 -x

3
x-intercept : 1 = - 3

y-intercept : y = z = E =7
= - 5

r(x)

11

↑I ↓

== -

-

ii
Domain : [x/ *** 3

Range
:

(y13 + -+3



45.Kit

-
7- 2 -

,
y N

Vertical Asymptote : <
= 2 >(+2+, y+2

Horizontal Asymptote : y
=7 = 3

-intercept : 3
212x+ 13

= 0

=6

-
6

=Ei
y-intercept ! r(0) = >



Domain :<P2K(#23

:
R

=
↓

↑

re
As- - 2+, Y-&

As <->-2
,
y7-0

Vertical asymptote : x
= - 2

Horizontal asymptote : y
= -I =-2

-intercept :
- 2x2-A
=-

-4 M

= - 81281
-
4

= -
452i
-

2



y- intercept : r(0)= = = - 14
rG)

I
Domain: [1ClFry

I

↑ Range :Eyly(r2]
I

y-

-
47 .
r6=
=

Vertical a symptote
: C

= 4

y
- csymptote : r(=



as x+D
,

r(-> I =+

as x->4
,
r(x)-D
-[8x - 18 = 0

<2= 3 .

9
,

r(x)= 3399 x
= 8x+ 18= 0

as -4+, restO
12= 4

. 1
, r(4

=3599
2

= OIIEzi
-

2

=↑Iti

·-



3. 7 Polynomial and Rational Inequalities

① Polynomial Inequality
② Rational Inequality



Polynomial Inequalities
1. x"+ 4x24x+ 16

<23 +4x2-4x
- 1610

Rational zero theorem
: II

,
12 ,
14

,
18 - /

-5
2i-
f(x) = (x -2)(xi+6x+ 8)

= ( - 2)(++4)(x+2)

(x -2)(x+2)(x +4)20

- +
-

-
- 4

- 2 2

: -
4[k-2 ,

122

13 .
x3+x=11+1510

RIT : 11 ,
I 3 ,
15 ,
115



#
()- 1)(x2+ 2x

- 15) 20

(2- 1)(x +5)(x
- 3) 0

- - +

-
-51 3

:
-51[l ,

=3



Rational Inequalities

27. I
2n+5

x -322x+
5

- - 820

-x= 8
xl - 8

.

: - 82124E

-15
· YI

f(0)> I

-

K

↑ ! I-
18

f(0) =

=

25
-1-

F+I -

x- -E
,
f(z) = - 6

x+ -E
,

f (3)
= 5



23. > 0

Horizontal asymptote : y
= -z

O
-

- 3 - - 13
+ - + - +

: (-5 .

-3)u(z)V( ,8)

24 20 +
- T

xi+ 1 = 0-
- I

.. (0 ,-)
~- =(x)+ 1)(x)- x)

+ 1) = 0



① Polynomial Inequalities

3. (x
- 3)(+ 5)(2x+5))0

- +
- +

-
- 5 - 5 's

Z

: (0 ,
-5) (3)



② Rational Inequalities
1. O

t

+
- 1 < <10 / (1 , 10)

18. 27 10
x +2

t
- +

-'
- 2

3

. -2(71 (2 , 5]



"
- - +

-
- 7 -

: (7 ,] v(5 ,8)

20.i : E3:VER)

S
+ - - T

Es



Domain of a Function 41-44

4) f(x)=Ih

Square root
has to be non-negative ,

6 + x - x
- 20

xx- 610

(-3)(x+ 2) 1 0

+
Domain : EI , 3]



2. 2 Polynomial Functions and Their Graphs

5

. (a) p(x2)= x
= 4

P(x2)

#
(6) Q(x2) = (x - 4)2

Q()

#



(c) P(x) = 2x2 + 3

P(x)

I
(d) P(x) = - (x+2)2

P(x)

I#



11
. R() = - 125+ 5x23- 4x

(a) x+ - 0
,
y
-> 5

1 -> 0
,
y-

-0

(b) IV

45. P(x)
= 32 12+5+ 1 : Q()=3x3

P(x)= 3) --+ + 5)

17. P(x)=
-k(x -3)(x +2)

Zeros : -2
,
0

,
3

=13
-

-

0
+
3

-T



PCL)

- 3 18

L P(x2)

↑- ItI
65. y = x?x= )

= x(x2x- 1)

67 . 3 = x4522+4



3. 3 Dividing Polynomials

3. P(1) = 2- 5 -7
,
DG)= <-2

2x - 1

-7- 2 2x2- 522 - L

2x24x

·
= 2x-1-

19.
x+ 1

x=++31A+2x+T
x3 - - + 3
-
- -x+ 1

(2-x+
P(x) = D() · Q(x) + RE)

=(++3)(+ 1)
- 2



31.
-382

=

t=+3)-3-

39
.
P(x)= ↑+ 12x+ 5 ,

C= -1

-I5

-
4x+ 12x2+ 5 = (x+ 1)(4x+ 87 - 3

↑ (- 1) = 4(- 1)2+ 122
- 1) + 5

= 4 - 12 +5

=
- 3



53. P() = x2 -3122+ 3x- 1 ,
2 = /

↑ (1) = 13- 3(12+3(1) - 1

= 1 - 3 +3 - 1
= O (shown)

57
. P()=

3
+Ex9x-18 ,

c = - 2

P(- 2) = ( 2)3+ 2(-2)-9(
-2) -18

= - 8 + 8 + 18 - 18

= O

-+8
-20 18
-

10 -90

P(x) = (x)-9)(x - (2)
= (x +2)(x +3)(x - 3)

63 . Degree 3
,
zeros : -1

,
1

,
3

P(x) = (x+ 1)(x)
-1)(-3)

= (x2 - 1)(x- 3)
= <-x

- 3x+ 3 = x)-32x+3



67 . Degree 4 ,
Zeros

-2
,
0

,
1

,
3 coet. of i is 4

P(x) = (x+2)(x)(x- 1)(x
- 3)

= x(x - 1)(x -3)(x+ 2)

= (x2 - x)(x-x-b)

= x*- x"- >x 2- x3+22 + 6x

=

((
"
-
2x3

- 5x2+ bx

↑ (x)= -2x"+ 4x3 + 10x2
- 12x



3. 4 Real Zeros of Polynomials

15
.

P(C) =
c+2x2 13+ 10

P(z)= 8 + 8 - 26+ 10 = 0

P(5) = 125 + 50
- 65 + 10

= 10

↑ (10) = 1000 + 200 - 130+ 10 #
6

P(x =

1 + 2 - 13 + 10 = 0

P(- 1) = - 1 + 2 + 13 + 10 +
0

P(-4)=8 + 8 + 26 + 10 = 0

= 8

P(-5)=
= 125 + 50 + 65 + 10

P(10) =
- 1000 + 200 + 130 +10 +

0

P(x)= (x
- 1)(x -27(x +5)



29 . p(x) = 4x4- 3722+ 9

P(z)+ 0

P (3)= 324
- 333+ 9 =

0

-
-

4 - 12 -130

P(x) = (x2-3)(4- 1222 - x +3)

-
40 -10

P(x) = (x -37(x+3)(4x2- 1)
=

(x - 3)(x+3)(zx +1)(2x
- 1)



45 . P(C)= >x +5x" -2- 4

P(4) = 3(64) + 5(16) - 2(4)
- 4

= 192 + 80 - 8 - 4
# O

P (2) = 3(8)+ 5(4) -z(z) - 4

= 24 + 20 - 4- 4 7 0

↑ (2) = 3( - 8) + 5(4) - 2(2) - 4

=

-24 + 20 + 4 - 4

= 0

P(4) = 3( 64) + 5((b) + 8 - 4 + 6

P()) = 3 + 5 - 2
- 4 + 0

p(1)= - 3 + 5+2 - 4 = 0

↑ (3) =3() +5()
-- (z)

- T

=+
=

-- 0

P(z) = 3 (z)+5(a) - 2(z) - 4

=

-



P (j) = 3(z) +5(b) -2(E) - 4

= + 80-
+ 8

↑ (g)= (z) +5() -> (f)- 4
= -+
= + y - 4 + 0

↑ (5)= 3 (ii) +5 (a)
--() - 4

= --
# j

i() =
- E+ -

=> O

- !-
↑ (x) = (+ 1) (3x+2 -4)
:-I =



63 . P(x)= x3
-x - x- 3

& positive real zero

↑ ( x) = zx)3 - (()- (() -3

=

-x-x+x - 3

either 2 or 0 negative zeros

· 3 or 1 real zeos

69
.

P(x) = 2x" + 50+x
- 2 ; a= 3

,
b= 1

-3
- 2

I -
no negative entry ,

-alternate signs ,

upper
bound

lower bound



8) 1
. P(x)= 2x"+Tx - 4x" - 312+ 2

2--- 4 -32

20
-4 -32

>5
P(x) = (2x2+ Sc+y -2)(x+ 17

-1212

#2
P(x) = (x(+ 1)(x- 1) (2+3x2 -2)

= (x+ 1)(x - 1) (2x
-D(x+2)

Quadratic Formula


